We demonstrate that the Higgs mechanism in three-dimensional topological superconductors exhibits unique features with experimentally observable consequences. The Higgs model we discuss has two superconducting components and an axion-like magnetoelectric term with the phase difference of the superconducting order parameters playing the role of the axion field. Due to this additional term, quantum electromagnetic and phase fluctuations lead to a robust topologically non-trivial state that cannot be continuously deformed into a topologically non-trivial one. In the low frequency London regime an anomalous Hall effect is induced in the presence of an applied electric field parallel to the surface. This anomalous Hall current is induced by a Lorentz-like force arising from the axion term, and it involves the relative superfluid velocity of the superconducting components. The anomalous Hall current has a negative sign, a situation reminiscent, but quite distinct in physical origin, of the anomalous Hall effect observed in high-T c superconductors. 74.25.N,03.65.Vf,11.15.Yc Topological solid states of matter [1, 2] have the property that their bulk states are gapped, while states at the boundaries are gapless and protected by some discrete quantum symmetry. The topological aspect emerges when considering the transport properties of the boundary states, where the transport current happens to also be a topological current. The most well established topological solid states of matter are topological insulators (TIs), which are gapped in the bulk and have helical (or chiral) gapless states at the boundaries which are protected by time-reversal symmetry. Helical here means that the electronic spin is locked to momentum due to strong spin-orbit coupling. Thus, the boundary states have an helicity determined by the eigenvalues of σ · k/k at each boundary. Topological insulators have been predicted to exist [3] and confirmed experimentally in subsequent papers [4] . Although many of the materials investigated experimentally are not perfect insulators in the bulk, the observed boundary helical states are robust features of these materials.
Topological solid states of matter [1, 2] have the property that their bulk states are gapped, while states at the boundaries are gapless and protected by some discrete quantum symmetry. The topological aspect emerges when considering the transport properties of the boundary states, where the transport current happens to also be a topological current. The most well established topological solid states of matter are topological insulators (TIs), which are gapped in the bulk and have helical (or chiral) gapless states at the boundaries which are protected by time-reversal symmetry. Helical here means that the electronic spin is locked to momentum due to strong spin-orbit coupling. Thus, the boundary states have an helicity determined by the eigenvalues of σ · k/k at each boundary. Topological insulators have been predicted to exist [3] and confirmed experimentally in subsequent papers [4] . Although many of the materials investigated experimentally are not perfect insulators in the bulk, the observed boundary helical states are robust features of these materials.
The experimental situation is less clear in another predicted topological solid state of matter, namely topological superconductors (TSCs) [1, 2] . TSCs follow a symmetry classification scheme closely related to TIs, as far as Hamiltonians of the Bogoliubov-de Gennes type are concerned [6] . Just like TIs, TSCs have gapped states in the bulk and symmetryprotected gapless states at the boundaries. Unlike TIs, in TSCs the U(1) symmetry is broken, either spontaneously or by proximity effect. The gapless boundary states are Majorana fermions, which are fermionic particles that are their own antiparticles. In order to support such states at the boundaries, the topological superconductivity must feature a p-wave type of gap. Parity is the underlying symmetry protecting the boundary Majorana states. In one dimension a paradigmatic simple model for topological superconductivity has been proposed by Kitaev [7] where the Majorana zero-energy states live at the ends of a quantum wire. An experimental way of realizing a superconducting state in a quantum wire is by proximity effect. In this case a semiconducting wire with strong spin-orbit coupling is deposited on the surface of an s-wave superconductor in the presence of an external perpendicular magnetic field. Then by proximity effect p-wave like superconductivity is induced on the wire for a certain range of parameters. [8, 9] . There are some experimental signatures of Majorana modes in Indium antimonide nanowires in contact with normal and superconducting electrodes [10] . More recently, strong support for Majorana boundary zero modes have been reported in an experiment with a ferromagnetic chain of Iron fabricated on the surface of Lead [11] .
Three-dimensional topological superconductors have also been discussed theoretically, in particular focusing on vortex physics [1, 2] and possible topological phase transitions [12] . A distinctive feature of both three-dimensional TIs and TSCs with respect to their non-topological counterparts is the topological magnetoelectric response induced by a socalled chiral anomaly [13] . When fermions in topological materials interact with the electromagnetic field, a Berry phase mixing electric and magnetic fields is induced [14, 15] . In TIs this occurs due to strong spin-orbit coupling that locks spin to momentum. The resulting Berry phases combine in the form of a socalled axion term, which is a magnetoelectric term ∼ E · B with a periodic field, θ, appearing as a coefficient [14] . This coefficient corresponds to a topological invariant implied by the band structure. In the case of TSCs a topological magnetoelectric contribution also arises, but now θ corresponds to the phase difference between order parameters of opposite chirality [15] . Recently, axionic superconductivity has been also discussed in the context of doped narrow-gap semiconductors [16] .
In this paper we investigate the Higgs mechanism and anomalous Hall effect of three-dimensional TSCs following the model introduced recently in Ref. 15 . In the simplest case, the model features two superconducting order parameters associated with left and right fermion chiralities interacting with the electromagnetic field, and a topological magnetoelectric term in the form we described in the previous paragraph. We arXiv:1504.07993v1 [cond-mat.supr-con] 29 Apr 2015 will show that the Higgs mechanism in such a TSC, quantum fluctuations imply a topologically non-trivial phase that cannot be continuously deformed into the topologically trivial one. This result is not directly obvious from the classical Lagrangian of the system derived earlier in Ref. [15] . Another consequence of the topological magnetoelectric term is the occurrence of an anomalous Hall effect when an electric field is applied parallel to the surface of a TSC. Due to the magnetoelectric effect, a transverse current is generated due to a Lorentz-like force involving the relative superfluid velocity ∼ ∇θ and the applied electric field. In this Hall effect the generated transverse current is negative, a situation reminiscent from the anomalous Hall effect in superconductors predicted long time ago by Josephson [17] , and observed later in a high-T c cuprate superconductor [18] . However, in the latter case the anomalous Hall effect occurs due to vortex motion induced by the Faraday law, and is typically a very small effect. Furthermore, the Lorentz force acts in this case directly on the vortex core, and therefore on the normal components of the superconductor. For this reason, it automatically leads to dissipation. In the case of three-dimensional TSCs, on the other hand, the anomalous Hall effect occurs even in absence of vortices and is induced solely by an external electric field via the magnetoelectric effect, generating in this way a dissipationless anomalous Hall current on the surface.
The effective Lagrangian for a three-dimensional TSC featuring two Fermi surfaces is given by [15] ,
where q = 2e. The Greek indices run from 0 to 3 and
corresponds to an abelian Higgs model with a two-component scalar field. In contrast to the standard Higgs model, Eq. (1) features a so-called axion term [19] , which is the first term appearing in the Lagrangian above. The term is topological in nature and contains a scalar field (the axion) θ = θ L − θ R , where θ L and θ R are the phases of φ L and φ R , respectively. In terms of electric and magnetic field components, it becomes e 2 θE · B/(8π 2 ), having precisely the magnetoelectric form mentioned in the introductory paragraphs. A Josephson coupling term ∝ φ * L φ R + φ * R φ L accounts for the interference between the two superconducting order parameter fields. This is a characteristic feature in superconductors with two or more components of the order parameters, and is absent only if prohibited by symmetries of the problem [20] . For J < 0 the Josephson coupling implies θ = 0 in the mean-field ground state, yielding a topologically trivial superconductor. For J > 0, on the other hand, θ is locked to π, thus leading to a topologically non-trivial superconducting ground state. Furthermore, since θ is periodic, θ = π corresponds to a situation where the time-reversal symmetry is preserved [15] . Thus, at the mean-field level, J = 0 separates a topologically trivial ground state from a non-trivial one. Thus, varying J from positive to negative values induces a topological quantum phase transition.
In the U(1) Higgs mechanism the phases disappear from the spectrum due to spontaneous breaking of the local U(1) symmetry, being transmuted into the longitudinal mode for the photon, which becomes gapped. Thus, only amplitude modes remain in the spectrum of scalar particles. The Higgs mechanism is equivalent to integrating out the phase degrees of freedom, which in the case of the Higgs model automatically leads to a massive gauge particle. This point of view of integrating out the phases is particularly appealing in the case where a Josephson coupling is present. However, additional non-linearities arise in the presence of the axion term. To see this, let us first consider the Higgs mechanism in Eq. (1) for the case where the axion term is absent. In this case we can simply write φ j = ρ j e iθ j / √ 2, j = L, R and make the shift,
which immediately decouples the phases from the gauge potential. Thus, the phases formally can be integrated out such that the resulting effective action contains only a massive photon coupled to amplitude degrees of freedom. However, in the presence of the axion term, the shift (2) will not immediately decouple the phases from the gauge field. Thus, integrating out the phases generate direct interactions between photons, even in a mean-field regime where the amplitudes are assumed to be uniform. The integration of the phases can be performed exactly at the mean-field critical point J = 0 for the topological phase transition, yielding,
The Higgs mechanism will occur for m 2 < 0, leading to the condensation of the amplitudes and generating as usual a mass for the photon. In addition, Eq. (3) has a direct interaction between the photons. Therefore, the Higgs mechanism yields in this case an interacting photon theory at the mean-field level (or tree level, in quantum field theory language), in contrast to the usual Abelian Higgs mechanism, where the photon action is Gaussian.
For the topological phase J > 0 we have to integrate at lowest order the Gaussian phase fluctuations around θ = π. This renders the induced photon-photon interaction non-local, with the topological term appearing as a total derivative. Thus, for uniform amplitudes we now obtain the effective Lagrangian,
where
with m
Appearances notwithstanding, there exists a regime where the Lagrangian (4) can be viewed as simpler than (3). In fact, since the phase fluctuations in the regime J > 0 are gapped, the non-local photon-photon interaction can be neglected in the long wavelength limit. Thus, neglecting the non-local interaction and minimizing the resulting effective Lagrangian with respect to both ρ L and ρ R yields the result ρ
, implying the condition m 2 < −J < 0. Now we turn to the discussion of the following crucial aspect of the topological phase with respect to the surface states. It turns out that due to the axion term the topological surface states cannot be continuously deformed into topologically trivial ones in the long wavelength limit when crossing the critical point. To see this we note that since
, each surface contains a Chern-Simons term [21] . Thus, assuming two surfaces perpendicular to the z-axis, we obtain that the photon propagator at any surface is given in imaginary time by
, and the ± sign is chosen depending on each surface one is referring to. In Eq. (6) the transverse gauge has been fixed. At the phase transition to the normal state where M 2 → 0 the Feynman diagram shown in Fig. 1 , which is associated with Higgs scattering mediated by photons, behaves very differently at long wavelengths, |p| → 0, depending on whether θ = 0 (topologically trivial) or θ = π (topologically nontrivial). Thus, for θ = π we have,
while the result is divergent for θ = 0. The above result would also be valid for any other fixed θ 0, π. Thus, after other one-loop scattering amplitudes are taken into account to obtain the full four-Higgs vertex, we see that at the critical point the topological field theory cannot be continuously deformed FIG. 1. Difference in behavior for surface photon-mediated Higgs scattering at the critical point in the long wavelength limit. For the topologically trivial case (θ = 0) the corresponding Feynman diagram diverges. On the other hand, for the topologically non-trivial case (θ = π), the same diagram vanishes. The same result would hold for any other non-vanishing value of θ. This shows that a topological superconductor cannot be continuously deformed into a topologically non-trivial one in the long wavelength limit.
into a topologically trivial one. Such a continuous deformation can be done in the Higgs phase, where there are no gapless modes. However, at the critical point such a continuous deformation is not possible. Thus, quantum critical fluctuations in this system will govern topologically stable universal behavior in physical quantities, such as for instance critical exponents and amplitude ratios. Now we turn to the Meissner effect aspects of a TSC, which as we will now show, implies an anomalous Hall effect even in the absence of vortices. This is more conveniently done by rewriting the Lagrangian in a London limit exhibiting explicitly electric and magnetic fields, i.e.,
From the effective Lagrangian we obtain that the electric displacement and magnetic fields are given respectively by D = E + e 2 θB/(2π) and H = µ −1 B − e 2 θE/(2π), while the superconducting current is given by,
From Eq. (9) we obtain the usual London equation in absence of vortices, ∇ × j = −(1/λ 2 )B, where λ 2 = 1/M 2 is the square of the penetration depth. Thus, the Maxwell equation in the presence of the axion field,
yields the equation determining the London electrodynamics of the TSC in the form,
where we have defined m
For the axion field we obtain the equation of motion,
In the low frequency regime and in absence of vortices, the London equation (11) simplifies to,
while the current satisfies,
The London equation for the electric field is unaffected by the axion term, retaining its traditional form, −∇ 2 E + m 2 A E = 0. This result is closely related to the fact that the electromagnetic energy density does not contain a magnetolectric term.
We now consider a solution with a simple geometry, namely, a semi-infinite TSC (z ≥ 0) with a surface at z = 0 at an external electric field E 0 = E 0x parallel to the surface. We obtain,
where E x (z) = E 0 e −m A z , and
The solution for Eq. (17) in terms of the axion is,
where θ(0) = π. Since E · (∇ × j) = −λ −2 E · B, we obtain the following relation,
which implies m A B x (0) = 4πµ j y (0). Thus, we obtain that the usual boundary condition of the London theory, d j y /dz| z=0 = m A j y (0), is obviously fulfilled by the solution (18) in the presence of the axion field. However, the Maxwell equation ( in the static regime implies a boundary condition that deviates from the usual one in the London theory of non-topological superconductors,
From Eqs. (18) and (19) we see that an approximate solution can be obtained by considering terms proportional to e 4 as being of higher order, which amounts to approximating Eq. (15) as being homogeneous. In this case we can use the domain wall solution θ(z) = π + 2 arcsin[tanh(m θ z)] in Eq. (18) , which yields j y (z) explicitly. The explicit solution for j y (z) with m θ m A in terms of hypergeometric and Lerch transcedents, is not very illuminating. Instead, we plot it in Fig. 2 for four different values of the ratio m θ /m A . It has a negative sign, just like in the case of the anomalous Hall effect in high-T c superconductors [18] . As emphasized in the introductory paragraphs, the anomalous Hall effect in non-topological superconductors has a quite different origin from the one discussed here. In three-dimensional TSCs the anomalous Hall current arises independently of vortex motion and is associated with a dissipationless current.
For m θ = m A (blue curve in Fig. 2 ), the expression for j y (z) does not involve special functions, reading, In conclusion, we have shown that due to quantum electromagnetic fluctuations, the Higgs mechanism in threedimensional TSCs implies a robust topological state of matter, since it cannot be continuously deformed into a topologically non-trivial one. This is an example of a topological state that is protected due to the coupling of phase and electromagnetic fluctuations via the axion term. In the low frequency limit this implies a London regime that leads to the generation of an anomalous Hall current having a negative sign. This anomalous Hall current is dissipationless and is the consequence of a Lorentz-like force involving the relative superfluid velocity which is simply given by the gradient of the phase difference between the chiral superconducting components.
